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THE ORDER CONVERGENCE OF MARTINGALES
INDEXED BY DIRECTED SETS
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KENNETH A. ASTBURY'

ABSTRACT. We obtain a condition on the underlying family of o-algebras which is
properly weaker than the Vitali property but which is also a sufficient condition for
the order convergence of martingales of semibounded variation. We also obtain a
sufficient condition for the order convergence of martingales of semibounded
variation in terms of the finiteness of the extreme order limits of martingales of
bounded variation.

1. Introduction. Let (E, %, u) be a o-finite measure space and let # be a directed
set under the relation < . (4 is nonempty, and < is reflexive, transitive, and has the
following property: for each p, 0 € 6 there exists 7 € 8 such that 7 > p, 7 > 0.) Let
(%,), cq be a family of sub-o-algebras of B such that (E, B, p) is o-finite for each
T €0,and B, C B, for each p < ¢. By function we mean an extended real-val-
ued, % -measurable function. Throughout this paper, sets and functions are consid-
ered equal if they are equal except on a p-nullset. Consequently, for B € %4,
p(B) = 0 if and only if B = J. Our setting and notation are virtually the same as
those of [2].

We recall that the essential supremum and essential infimum of a family of
functions (f,),4 are the unique functions ess sup, ¢, f, and ess inf, o4 f, such that
all functions g satisfy:

(@) f, < gforallT € §esssup, 4 f, < g;

(i) f, >gforallT € fessinf, o, f, > g.

For a family of functions (f,), <y, the extreme order limits are defined by

lim sup f, = ess inf ( €ss sup f,),
TEH PE >p

lim inf f, = ess sup(ess inf f,)
T€0 pEO >p

[3]. Whenever the extreme order limits are equal, the common function is called the
order limit, denoted by lim ., f,, and the family (f,),c, is said to be order
convergent. For a family of % -members (B,), <4, the essential union, essential
intersection, extreme order limits, and order convergence are defined analogously.

The conditional expectation of a function f with respect to the sub-o-algebra C
of B is denoted by &(f|C). A family of functions (f,), e, is called a martingale
whenever f, is ®,-measurable for each 1 € 8 and & (f,|®,) = f, for each 6 > 7. A
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martingale (f,), <, is said to be of bounded (semibounded) variation whenever the
set ([ f, du|lt € 8, B € B, } is bounded from above and below (either from above
or below).

We call a family of % -members (K,),c, a fine covering whenever K, € % _ for
each 7 € . For A € 9B, the fine covering (K,), ¢, is called a fine covering of 4
whenever lim sup, .4 K, D 4. For L € %, we denote by 1, the indicator function
of L, which takes the value 1 on L, and O elsewhere. For a finite sequence of
% -members £ = (L;, L, ..., L) we define UL =U/_ ;L and T L =
DI P

The family (9,), <4 is said to possess the Vitali property whenever the following
condition holds: For each 4 € B with p(4) < oo, for each fine covering (K,), <y
of 4, and for each € > 0, there exist a finite sequence of §-members (¢, §,, .. ., §)
and a finite sequence of % -members £ = (L,, L,, ..., L,) such that

L, €%®,and L, C K, foreachi=1,2,...,r;

LNL=@ fori#j; and p(4\ U ) <e

(See [2).) We remark that the family (%,), c, possesses the Vitali property if 8 is
totally ordered by « .

A classical theorem of Krickeberg [3] states the following: If the family (%, ), <,
possesses the Vitali property, then every martingale of semibounded variation is
order convergent. Although the converse was not expected to be true, the known
conditions on the family (9,),c, Which are weaker than the Vitali property imply
only that properly smaller classes of martingales are order convergent. (See [2].)

We now introduce the dominated sums property. We denote by || - ||, and || - ||,
the usual norms of L,(E, B, p) and L_(E, B, w), respectively. We say that the
fine covering (K)), c, satisfies the dominated sums condition whenever the follow-
ing holds: For some & > 0 and for each o € 6 there exist a finite sequence of
f-members (¢, £, ..., &) and a finite sequence of % -members £ =
(L), Ly, . .., L) such that

L, E%e, L, C K, and § > o for each i=1,2,...,r;
12 Ll > 812 £l

We say that the family (%, ), , possesses the dominated sums property whenever
every fine covering (K)),c, with lim sup, ., K, # O satisfies the dominated sums
condition.

In §2 we show that the dominated sums property is properly weaker than the
Vitali property. In fact, for each positive integer n, the condition obtained by
replacing the limitation “L, N L, = & for i #,” by “||Z £||,, < n” in the state-
ment of the Vitali property is shown to be properly stronger than the dominated
sums property. In §3 we develop the underlying martingale properties which are
used in the following sections. In §4 we strengthen Krickeberg’s theorem: If the
family (9,),c, possesses the dominated sums property, then every martingale of
semibounded variation is order convergent. In §5 we establish some decomposi-
tions of E in terms of order convergence.
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2. The dominated sums property. The following lemma is a generalization of a
well-known property of equivalent measures, and is used in our proof that the
dominated sums property is independent of the base measure p.

LEMMA 2.1. Let v be a positive o-finite measure on (E, ®) equivalent to p. Let
C € B be such that v(C) < 0. Then for each ¢ > 0 there exists 8§ > 0 such that
any finite sequence of B -members £ = (L,, L,, . . ., L,) satisfies

Uece [Sef<aSel. = [Sea<dSel,

PrOOF. Let f be the Radon-Nikodym derivative of » with respect to p. The
lemma is valid if f is bounded on C, and we treat the other case. Let ¢ > 0. By the
Lebesgue Convergence Theorem, there exists a positive integer n such that
Jeaysmfar <e. Setd = pu(C N {f >n}); 8 > 0 because fis unbounded on C.

Let £ = (L, L,, ..., L,) be a finite sequence of B -members satisfying U £ C C
and || £|; < 8||Z £|,. Define O to be the sequence (C N {f >n}, C N {f >
n}, ..., C n {f > n})having ||£||, terms. Then

|Z o, = w(cC n {f>nD]lllw = 8w > L]
Furthermore,
2%—1{1>n)28>0 0n{f>n}
=0 elsewhere.

Hence,

f(Z M = 1 yony 2 B)fd# > "f 2 M~ 1om> £ dp
>nf[S e —1ymS Lau> [(Z L= 1ymI L) dy,
and (S M)f du > [(S ©)f du. Finally
fz Edv=f(2 E)fdp,<f(2 G.)R,)fdp.
= M d) el .
S o)., sa<dS el

THEOREM 2.1. Let v be a positive, o-finite measure on (E, B ) equivalent to p. Then
the family (B,),cq possesses the dominated sums property if and only if the family
(B,),cq in the underlying measure space (E, B, v) possesses the dominated sums
property.

PROOF. By symmetry, it suffices to prove one direction. We prove the if direction
by contradiction. Assume (B, ), <, does not possess the dominated sums property.
Then there exists a fine covering (K.), e, With lim sup,c, K, # & which does not
satisfy the dominated sums condition: For each § > 0 there exists 6 € # such that
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all finite sequences of #-members (£, &, ..., &) and B -members £ =
(L, Ly, . .., L) satisfy
L,.e€]3€_, L, C K, and § » o for all i=12,...,r

=2 Ll <82 Ll

Let p€ 6@ and C € B, be such that »(C) < o0 and C N lim sup, ¢4 K, # .
Define the fine covering (J,), <o by

J = {K, N C forr>p,
! 1%} elsewhere.

Then

lim sup J, = limsup(K, N C) = (lim sup K,) NnC#gd.
TEQ 1€ T€0
Because J, C K, for all 7 € 0, (J,), <o also does not satisfy the dominated sums
condition. By Lemma 2.1, (J,), <4 does not satisfy the dominated sums condition in
the measure space (E, B, »).

We now define a class of properties which are weaker than the Vitali property
but which are stronger than the dominated sums property.

Let n be a positive integer. We say that the family (9,),, possesses the Vitali
property of degree n whenever the following condition holds: For each 4 € %
with u(4) < oo, for each fine covering (K,), <, Of A, and for each ¢ > 0, there exist
a finite sequence of #-members (§,, &,, . . ., &) and a finite sequence of % -mem-
bers £ = (L,, L,, . . ., L)) such that

L, € @34 and L, C K, for each i=1,2,...,r;
IZ L, <nmsand 4\ U L) <e.

Clearly for n > m, the Vitali property of degree n is weaker than the Vitali property
of degree m, and the Vitali property of degree 1 is precisely the Vitali property.

PROPOSITION 2.1. Let n be a positive integer and let the family (B,), g possess the
Vitali property of degree n. Then the family (B.),cq possesses the dominated sums
property.

PrROOF. Let (K,),co be a fine covering with lim sup, ., K, # . Let 0 <8 <
(2n) " 'u(lim sup, .4 K,). Let 6 € 8. Define the fine covering (J,), <, by

J = {KT forr > g,
T & elsewhere.

There exists 4 € B such that 28n < p(4) < o0 and A4 Climsup, g4 K, =
lim sup, ¢4 J,. Applying the definition of Vitali property of degree n to (J,),ce
there exist a finite sequence of #-members (§,, &, . - ., &) and a finite sequence of
@ -members £ = (L, Ly, ..., L,) such that L, € B, and L, C K, for i=
L2 ...,55]2 Ll <n;and (A\ U £) <3u(4). Then

IS ef, > s(U ©) >iuta) > an > 8|3 e
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Our next example shows that for each integer n greater than 1, the Vitali
property of degree n is properly weaker than the Vitali property of degree n — 1.

ExAMPLE 2.1. Let N be the set of positive integers and let n € N, n > 2, be fixed.
Define the directed set

0 ={Gji,jeEN,1<j<n'y;

(i, j) > (k, m) if and only if i > k or (i, j) = (k, m).
For each fixed i € N we form n’ sets (S, ;));=12, ..., from a space U, of points as
follows: For each group of n of the sets we choose a distinct point and place this
point in each set of the group; each set contains only those points inserted under

the above procedure. We assume that U, has exactly the number of points required
for this construction, namely
(%)
n

the combinations of n’ things taken n at a time. Let J; be the set of all subsets of U,
and let P, be the uniform probability measure on (U, J;). For each (i, ) € 6, the
number of points in S; ; is
Ay
n—1

—one point for each group of n — 1 sets chosen from the other n’ — 1 sets—and

P(S.j) = (':; - 1)/ (n’) — (nf =1/ (n" = n)(n-1) _ 1

-1 n n't/(n* — n)in! ot

Let 5 ;) be the sub-o-algebra of J; generated by S; , and all singleton sets {u} for
which u & S, ;, and let Q; = {J, U,}. Define

(E, QB, [L) = H (Uk> ?J'k, Pk)’
keN

Bip = (;I:III ij) X &Gy X ( ﬁ GU«),

k=i+1
i—1 0

A = ( II Uk) X Sgjy X ( I Uk)'
k=1 k=i+1

We remark that u(E) = 1. In order to establish that (9,),c, possesses the Vitali
property of degree n, let A € B, let (K.),, be a fine covering of 4, and let e > 0.
Then there exists 6 € 8 such that p(4 \ U ,, K,) <e&. Define for each 7 € 0,

M, =K\U K, €,
pKT
pFET

We have U, , M, = U ,, K,, and for i =1,2,... the sets LJJ'.".l M, , are
disjoint. Fix i and consider for j = 1,2, ..., n’ the partition of M
My = (Mg 0 Agjp) U (Mg )\ Ag j)-
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We choose a family of sets (L; ;)1 ..., .» €ach L; , being the union of
(M, N A ;) and a subset of (M; 5\ A ;), in such a way that

i 0
Lijp\Auy € (kHI GJ'k) X (k H+1 GZLk),
= -

nt

ni
U Lijy= U M )y
Jj=1 Jj=1

and for each 1 < j < n’ the two sets (L, ; \ 4, ;) and U 2'_,;,(# Ly, are disjoint.
We have L, N A, ,,= M, ,NA,,E @3(,} ;> and by the definition of & ; it
follows that L, , € B, ;. Furthermore, by disjointness,

n’ n'
2 Lijy| < gma"( 2 (Lay N Ayl 1)
Jj=1 0 Jj=1 oo
nl
< max 2 A(”I) > 1] = n.
Jj=1 o

Let £ be a sequence of the sets L,, 7 < ¢. Then

"i
2 La,
j=1

”2 Bllw = m?.x( w) <n,
w4y U B)=p.(A\ U M,)=p.(A\ U K,)<e,

70 T7€0

and the Vitali property of degree n is established. We now show that the Vitali
property of degree n — 1 does not hold. Let k € N be such that 32, 1/n' "2 <1.
We denote by 0, the set of all #-members whose first coordinate is i. Define the fine
covering (K,), ¢4 of E by

o0
K = A, forr e iEJk 4,

& elsewhere.

Let(¢,,4,...,¢§)and £ = (L, L,, . .., L) be finite sequences of #-members and
B -members, respectively, such that

L, € %, and L, C K, for m=1,2,...,r;
ISLll, <n-—1 :

Fixing i > k we can write for each ¢, € 4,

0 i—-1
L,,,=C,,,><S€"><( H Up) whereCmgHUP.
p=i+l p=1
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If |2 cq Cullo > 1, then |2, <y L, |l > n because every group of n sets from
(8¢, j)j=12, ..., has a common point; consequently |2, 4 C,ll, < n. Further-
more

u( U L,..) < 2 L, = $mzea./u(cm X ,ﬁi UP)P:(S&,)

£n€0, =y
1

- 2 e I o) =]

> c.x1ly,

i

n (nE€0; p=i n £, €0, p=i 1
1 oo
< .-_1‘ > G, x Il y| wE)<—.
n ¢nE0; p=i o n

Finally,

w( U B)<2p(u L,,,)<2 il_2<%,

ik \én€6; ik 1
and the Vitali property of degree n — 1 fails.

3. Countably additive and purely finitely additive martingales. Let B _ be the
sub-g-algebra of % which is generated by U ,co B,. It is known that for any
A € B, there exists a family of sets M, € B, such that 4 = lim, ., M,.

To every martingale of bounded variation ® = (f),c, there corresponds a
finitely additive set function (of bounded variation) Z(®) on U, B, defined by

Z(®)(4) = Lf, dp. forany 7 such that4 € B, .

According to a theorem of Yosida and Hewitt [6], every finitely additive set
function can be expressed uniquely as the sum of a countably additive set function
and a purely finitely additive set function. A martingale of bounded variation @ is
called countably additive or purely finitely additive whenever Z(®) is countably
additive or purely finitely additive, respectively. It follows that every martingale of
bounded variation can be expressed uniquely as the sum of a countably additive
martingale and a purely finitely additive martingale. A countably additive set
function on U,y %, can be extended to a measure on (E, B,) (1}, and by the
Radon-Nikodym Theorem, it follows that the countably additive martingales are
precisely those of the form (& (f|9,)),cq for some function f with [ |f| dpu < oo.
For a more complete discussion of the above see [2]. The purely finitely additive
martingales can be characterized by a well-known property of purely finitely
additive set functions [6]: For each ¢ > 0 there exist 0 € § and D € % such that

@) [ |1of,] dp < e for all 7> o, and

b) W(E\ D) <e.

LEMMA 3.1. Let f be a function with [fdp < oo, let a >b > 0, and let A =
{lim sup, o &(f|B,) >a>b > &6(f|B,)}. Then there exists a fine covering
(K,),cq of A with the following property: For each ¢ > 0 there exist ¢ € § and
C € B, such that

() f1ofdp <, and

(i) &(1f|B,) > a — bon K, for all T> 0.
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PROOF. A € B, ; hence 4 =lim,c, M, for some family of sets M, € B_.
Define for each 7 € 0,
K. =M n {&(f|B,) >a} €B,.

Now

lim sup {&(f|B,) >a} D {lim sup &(f]98,) >a} DA,
TEH

T€H
lim sup K, = (lim M,) N lim sup {§(f|B,) >a} = 4,
T€0 TEH T€0

and (K,),cq is a fine covering of 4. Let ¢ > 0. For each 7 € @ define the set
C, = U,5.(K,\ A4) and the function

g = { sup(0,f) onC,,
" 0 elsewhere.
The family of sets (C,), o is nonincreasing and

limsup C,= () C,= () U (K,\ 4) = lim sup(K, \ A)
TE

T€0 T€0 TEHN p>T
= (lim sup K,) \A4A =d;
T€0

hence lim, c, g, = 0. By the Lebesgue Convergence Theorem, which is valid also
for families of functions indexed by directed sets, there exist 6 € § and C = C, €
B, such that [1fdp < [g,dp <e.Forr>o,LE B, and L C K,,

SN

=[6(1B)du~ [  E(f1By)du
L LNA

> | adup— bdu > | a— badp.
Jodn= ], pew>fa - o
Hence, for 7> a, &(1.f|®,) > a — b on K,.

THEOREM 3.1. Let f be a function with [fdu < oo, let a >b > 0, and let ¢ > 0.
Then there exists C € B such that

() f1of dp <, and

(ii) lim sup,cp &(1f|B,) > a — b on the set {lim sup,cy &(f|B,) >a>b >

PROOF. lim sup, <y & (1-f|B,) > a — b on the set lim sup, co{&(1f|B,) > a —
b} and apply Lemma 3.1.

LeMMA 3.2. Let (f,),co be a purely finitely additive martingale, let a > 0, let
A = {lim sup, c,|f,| > a}, and let ¢ > 0. Then there exists a fine covering (K,),cq
such that

(i) u(4A \lim sup, 4 K,) < ¢, and

(i) for each y > O there exist 6 € § and C € B, such that for each v> o,
|[1cf,| > aon K, and [|1.f,| dp <.
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PROOF. Let k be a positive integer such that 3, , 1/2" < e. By the characteriza-
tion of purely finitely additive martingales given at the beginning of this section, we
choose recursively o, € and D, € B, for n=k, k+1,... satisfying
fNp fl du < 1/2" for all 7> o, w(E\D,) <1/2" and o,,,> ¢, Define for
eachr € 4,

K,={|f,|>a}n(ﬂ D,,)eéa,.

oK
Then
lim sup K, D lim sup({w >a}n ( N D,,))
TEH TEH n>k
= (limsup{[f,]>a}) N ( N D,,) 24 n( N D,,),
TEQ n>k n>k
and
p,(A \ lim sup K,) < p(A \[A N ( A D,,)]) = ,‘(A N D,,)
T€0 n>k n>k
< M(E\ N D,.) =u( U (E\D,,)) < 2 WE\D,)
n>k n>k n>k
1
< 2 o <e.

n>k

In order to establish (ii), let y > 0. Choose a positive integer n such that 1/2" <y
andseto =0, €6,C= D, € B,. Let > 0. Then

J11ch] du = [|1pf] du < 1/2 <v;

furthermore K, C D, and

|lcf,|=|lD”f, =|f|>a onk.

THEOREM 3.2. Let (f,),cq be a purely finitely additive martingale, let a > 0, let
A = (lim sup, c4|f,| > a}, and let € > 0. Then there exists a purely finitely additive
martingale ( g,), cq Such that

() sup, e f|&,| dp <e, and

(ii) p(A \ (lim sup, | g,| > a}) <e.
Furthermore, if (f,),cq is positive (f, > 0 for all € ), then (g,),cq can be chosen

to be positive also.

PROOF. Let 0 <y <e. By Lemma 3.2 let (K,), <, be a fine covering, let o € 6,
and let C € B, be such that p(4 \lim sup,, K,) <€ and |1of,| >a on K,
f11¢f,] du < y for all 7 >> o. Define the martingale (g,), <4 by

_ 1f, for > o,
&= &(1f,|B,) forany p> 7,6 forT > 0.
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Clearly (g,),cq is a purely finitely additive martingale. Also (g,), <, is positive if
(f,), e is positive. Furthermore,

sg}; f|g,|du=s1;£ flg,,.ldp,=fl)l>[: fllcf,|dp.<y<s.

Finally,
{lim sup |g,| > a} 2 lim sup {|g,| > a}
T€E0 T€E0H
= lim sup {|1f,| > a} 2 lim sup KX,
T€0 TEd
and

p(A \ {1ir?es;1p|g,| > a}) < p(4 \lim sup K) <e.

TEH

4. Dominated sums and order convergence of martingales. We first prove order
convergence theorems for countably additive and purely finitely additive
martingales, and then we combine these results into a general order convergence
theorem.

The following proposition is used in the proof of the order convergence theorem
for countably additive martingales. The proof of the proposition is elementary.

PROPOSITION 4.1. Let B € B be such that every positive function f with [f du <
oo and every a > b > 0 satisfies {lim sup,cq &(f|B,) >a >b > 6(f|B,)} N B
= (. Let g be a function with [|g| dn < oo. Then

lim sup &(g|B,) = 6(g|B,) = lim inf &(g|B,) on B.
TEH €

PROOF. Our proof is by contradiction. It is easy to show that lim inf,, & (g|%®,)
< lim sup,c, 6(g|%,). Assume lim sup,c, &6(g|B,) = 6(g|B,) =
lim inf, ¢, & (g|®,) fails to hold everywhere on B. Then either

{lim sup &5(g|8,) > 6(g|€6w)} NB+*J
TEH
or
{ lim inf &(g/8,) < 6(glB.)} N B+ 2.
TE .

By considering g and —g, with lim sup, ¢, &(-g|%®,) = -lim inf, ., &(g|B,), we
can assume that

{1im sup &(g/B,) > 6(glB.)| N B* 2.
TE0H

Let ¢ > d be such that the set
C= {lim sup 6(g|®,) >c>d > 8(g|€l3°°)}
T€EH
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has nonempty intersection with B. Let D € U <o B, be such that (D) < oo and
D N C N B # &. Define the real numbers a, b, the function h, and F € B by

a=c+ld+1, b=d+|d+1, h=g+(d+ Dl
F = {lim sup &(h|B,) >a>b > S(hI%w)}.
TEH

Thena > b > 0, [ du < f|g| du + (d| + D(D) < oo,
lim sup & (h|B,) = lim sup (&(g|B,) + (|d| + 1)1,)

TEH T€0

= (tim sup 6(g|%,)) +(|d|+ D1,
T€0

and &(hB,) = &(g|B,) + (|d] + D1,; hence F D D N C. Finally, let f=
sup(0, & (h|B ). Then f is a positive function with [fdu < [|h| dp < oo,

lim sup &(f|®,) > lim sup &(&(h|B,)|B,)

T€0 TEH
= lim sup &(h|D,),
T€0
and
{lim sup &6(f|B,) >a>b > 6(]|€Bw)} NnB
TEH

DFNBDODDNCNB+#UJ,
which is a contradiction.

THEOREM 4.1. Let the family (B,),cq possess the dominated sums property. Then
every countably additive martingale (& (f|B,)),cq is order convergent to & (f|B ).

PrOOF. Our proof is by contradiction. Assume there exists a countably additive
martingale (&6(g|9,)),co Which is not order convergent to &(g|%®,). Then by
Proposition 4.1 there exist a positive function f, with [fdu < o0, and a > b >0
such that the set

A= {lim sup &(f|B,) >a>b > 8(f|€l?)°°)}
T€80

is nonempty. Let (K}),c, be the fine covering of 4 prescribed by Lemma 3.1. Let
€ > 0. Choose 6 € # and C € B, such that

() f1ofdp < e, and

(i) &(1f|B,)>a— b on K, for each 7> . Let (§,,£,...,£) and £ =

(L, L,, ..., L) be finite sequences of #-members and % -members satisfying
LEB, L,CK, and § >0 for each i=1,2,...,r. Then for each i =
,L2,...,r

J1ef = [ B(1cf1B,) d > flfa — bdu = (a — b)u(Ly).
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Summing,
|2 ef.e> [(Z &) du= 2 J 1o
> - 02 ],

and (K), c, fails to satisfy the dominated sums condition.

THEOREM 4.2. Let the family (B,),cy possess the dominated sums property. Then
every purely finitely additive martingale is order convergent to 0. (We denote by 0O the
function which takes the value O everywhere.)

PrOOF. Our proof is by contradiction. Let (f,),c, be a purely finitely additive
martingale, and assume for some a > 0, the set A = {lim sup, ¢4|f,| > a} is non-
empty. Let 0 < & < u(4). Let (K,),, be the fine covering prescribed by Lemma
3.2. Then lim sup,, K, # &. Let y > 0. Choose ¢ €  and C € %, such that for
each > o,

@) f|1cf,| dp <y, and

®) |1of| >aonK,.

Let (¢,,&,...,¢)and £ = (L, L,, . .., L) be finite sequences of §-members and
%D -members satisfying L, € GJ?)&, L CK,, and § >0 for each i=1,2,...,r.
Choose p € f such that p> ¢ for all i=1,2,...,r. Then for each i =
,2,...,r,

St du> [ 1k du > flf’ di = a(L,).

Summing,
IS ely> [(S Oichlae= 3 [ 11ch do
>a| 2 e,

and (K), ¢, fails to satisfy the dominated sums condition.

We remark that Krickeberg [4], [5] has already identified the limit of any order
convergent martingale of bounded variation. In fact, he has proved that every
countably additive martingale (& (f]|9,)), <4 satisfies

lim_iglf &5(f1%,) < 6(f|B,) < limsup &(f|B,),
re €

and every purely finitely additive martingale (g,), c, satisfies

hm1nfg,<0<hmsupg,
TEQ

(See also [2].)
PROPOSITION 4.2. Let B € B be such that all martingales of bounded variation

(8,),cp Satisfy lim sup, -, g = liminf, _, g on B. Then all martingales of semi-
bounded variation (f,),c, satisfy lim sup, 4 f, = lim inf_., f, on B.
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PROOF. Our proof is by contradiction. Assume (f,),co is a martingale of
semibounded variation and a is a real number such that the set
A= {nmsupf, >a >1iminff,} n B
TEH TE0
is nonempty. Assume the set {[f, du|r € §, C € B,} is bounded from above.
(The other case is symmetric; moreover, considering the martingale (—f,),cq re-
duces the other case to the present case.) Now A C lim sup, co{ f, > a} and there
exist 0 € § and D € B, such that D C {f, > a}, y(D) < o0, and D N 4 + D.
Define the martingale (g,), ¢ by

1./, forr > o,
&= &(1,f,|®,) forany p> 1,0 forr > 0.

Then
lim sup g, = lim sup 1,f, = 1, lim sup f,
TEH TEQ TEQ
lim inf g = lim inf 1,f, = 1, lim inf f,
e & n;nelo ofs b IPeo 5
and

limsup g, >a >1liminf g onD N A4 C B.
TEQ €0

Furthermore, forr € and C € B,

fg,dp=fgpdpt forsomep> 7,0
c c

=fg,, du—fE\Cgp du=fgodu—f5\cgfdu > au(D) —fE\Cg,du.

Therefore {f g, du|t € 8, C € B, }, which is clearly bounded from above, is also
bounded from below. Hence ( g,), <, is of bounded variation, which is a contradic-
tion.

THEOREM 4.3. Let the family (B,),cq possess the dominated sums property. Then
every martingale of semibounded variation is order convergent.

PrROOF. Proposition 4.2, Theorems 4.1, 4.2, and the decomposition of a
martingale into countably additive and purely finitely additive parts.
We immediately recover Krickeberg’s [3] order convergence theorem.

THEOREM 4.4. Let (B,),cp possess the Vitali property. Then every martingale of
semibounded variation is order convergent.

5. Decompositions of £ in terms of order convergence of martingales. Let
Be B, and let (f,),co be a family of functions. Whenever liminf ., f, =
lim sup,c, f, on B we say that (f,),c, is order convergent on B, and if f=
lim inf, 4 f, = lim sup, o4 f, on B we say that (f,), ¢4 is order convergent to f on B.



508 K. A. ASTBURY

THEOREM 5.1. There exist A, B, € B, B, = E \ A,, such that:

(i) there exists a positive function f satisfying (f du < oo and lim sup_c, & (f|B,)
=ooonA;

(ii) for every function g with [|g| du < oo, the martingale (&(g|®,)),cq is order

convergent to & (g|® ) on B,.
PRrOOF. For each positive function f with [f du < oo, and for eacha > b > 0, let
A(f, a, b) = {nm sup &(f|B,) >a>b > 6(f|€Bw)} €D,
T€H

Define A, € B, to be the (essential) union of the family of all sets A(f, a, b). Let
N be the set of positive integers. There exists a countable subfamily, {A(f,, a;, b,)|i
€ N}, whose union is 4.. Applying Theorem 3.1 for each i, j € N, i < j, let
C,, € B, be such that

flC.;jf; dp. < j2i+j
and
limsup &(1g fIB,) > a; — b on A(;, a;, b).
T€0 '
Define
f= 2 jlq'j.ﬂ-
iJEN
i<j

Then f is positive and

1
fdu= J) ¢ fidp < —< L
f i,/éN f Gt i,/%N 2‘+j
i<j i<j

Furthermore, for eachi,j € N,i < j,
lim sup &(f|®,) > limsup &(jl; £ID,)
T€0 r€0 !

>j(ai - bi) onA(fi’ a;, bi);
hence

lim sup &6(f|B,) = o ond, = U A(f, a, b).
T€0 iEN
Define B, = E \ A,. Proposition 4.1 completes the proof.

In the proof of our next theorem we make use of the Jordan decomposition of
martingales [3]: Every martingale of bounded variation can be expressed as the
difference of two positive martingales of bounded variation. It is easy to show that
every purely finitely additive martingale can be expressed as the difference of two
positive purely finitely additive martingales.

We also make use of the following result, which is a consequence of a corre-
sponding result for purely finitely additive set functions, or which can be estab-
lished with an elementary argument using the characterization of purely finitely
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additive martingales given in §3. Let N be the set of positive integers, let {(f;,), <l
€ N} be a family of purely finitely additive martingales satisfying
Zien SUp,cp f|fi,l dn < oo, and let f, = 3, f;, for each 7 € #; then (f), 4 is a
purely finitely additive martingale.

THEOREM 5.2. There exist A,, B, € Bs B, = E\ A, such that:

(i) there exists a positive purely finitely additive martingale (f.),cq satisfying
lim sup, ¢y f, = 00 0n 4,;

(i1) every purely finitely additive martingale is order convergent to 0 on B,.

ProoFr. For each positive purely finitely additive martingale ® = (g,), <o and for
each a > 0let A(®, a) = {lim sup,., ® > a}. Define 4, to be the (essential) union
of the family of all sets A(®, a). Let N be the set of positive integers. There exists a
countable subfamily, {4(®;, 4)|i € N}, whose union is 4,. Applying Theorem 3.2
for each i, jE N, i <, let (f,,;,).cp be a positive purely finitely additive
martingale such that

su, e A < ——
‘rE‘; f’j’ “ j2’+j

and
1
jzi +j "

p(A(<I),., a)\ { limsup f; ;. > a,.}) <
TEQ
Define the martingale (f,), <o by
f= 2 Jj., forr €.

iJEN
i<j
Then (f,),<q is a positive purely finitely additive martingale. Furthermore, for each
i,j EN,i<j
lim sup f > lim sup jf,;, > ja; on A(®, a)
TEQ TEH
except for a set of p-measure 1/,;2'*/; hence

limsup f, =0 on4,= U 4(®, a).
T€EH iEN
Let B, = E\ 4,. By the definition of 4,, all positive purely finitely additive
martingales are order convergent to 0 on B,. The Jordan decomposition of
martingales completes the proof.
We now combine Theorems 5.1 and 5.2.

THEOREM 5.3. There exist A, B € B, B = E \ A, such that:

(i) there exists a positive martingale of bounded variation (f)),c, satisfying
lim sup, ¢4 f, = 00 on A4;

(ii) every martingale of semibounded variation is order convergent on B.

ProoF. Theorems 5.1 and 5.2 with 4 = A, U 4,, Proposition 4.2, and the
decomposition of a martingale into countably additive and purely finitely additive
parts.
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COROLLARY 5.1. Assume every positive martingale of bounded variation (f,),cq
satisfies lim sup, 4 f, < o0 on E. Then every martingale of semibounded variation is
order convergent.

Similar corollaries hold for countably additive and purely finitely additive
martingales.
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